There are two approaches which can be used to prove these theorems. The most natural one would be to develop a comparison theory for projections in 3ΐ and then to construct the traces. This can be done by means of modifications and extensions of the theory developed by Kadison and Pedersen [4] . The other approach, which we shall follow, is to consider the cross product 3ΐ x G, and then show that the canonical imbedding of 5ft into the von Neumann algebra 9t x G is close to being an isomorphism of 3Ϊ with the structure of G-equivalence into 3ΐ x G with the usual equivalence relation between projections.
Our main theorems form a link between von Neumann algebras and ergodic theory. If G is the one element group the equivalence relation ~0 reduces to the usual one defined by Murray and von Neumann [8] for projections in a von Neumann algebra. We thus obtain extensions of the theorems on existence of traces in finite and semi-finite von Nemann algebras. If the von Neumann algebra 9ΐ is abelian we show (Thm. 5), using theorems on the existence of invariant measures, that the equivalence relation ~G is the same as the one defined by Hopf [3] in ergodic theory. He showed that, with some extra assumptions, "finiteness" of the partial ordering is equivalent to the existence of an invariant nomal state. Later on the "semifinite" case was taken care of by Kawada [6] in a well ignored paper, and then independently by Halmos [2] . Thus our theorems are also generalizations of well known results on invariant measures.
We refer the reader to the book of Dixmier [1] for the theory of von Neumann algebras. The author is indepted to the referee for 372 E. ST0RMER several valuable comments.
2Φ Statements of results* In the present section we state the main results and definitions. The proofs will be given in §3. THEOREM i ? the von Neumann subalgebra of 5ft consisting of the G-invariant operators in 5ft 9 & shall denote the center of 5ft, and 3) shall denote £ Π 5ft G . Whenever we write P ~ Q for two projections in S3 we shall mean they are equivalent as operators in S3, i.e. there is a partial isometry FeS3 such that FF* = P, F*F = Q, and we shall not consider P and Q as equivalent in a von Neumann subalgebra of S3. The next lemma includes Theorem 1 and shows more, namely that ~ ^-equivalence is the same as equivalence in S3. LEMMA Replacing y by y" 1 and letting t = e, (ii) follows. By (i) T e T = TT e , so Γ e eK. By (ii) if s = y~ι we find T e = U*T e U y , so T e e3ΐ G , hence Γ e G®.
Finally let Re®, and let S' -(S st -iU st -i) e35. Then we have ΦW -(RS. t -iU. t -i) -(S^RU^) = (S 8t -iU st -,R) =S'Φ(R),
hence Φ(R) belongs to the center of 93. The proof is complete. LEMMA 
Let E be a projection in 3ΐ. Let D E be the smallest operator in 5) majorizing E. Then D E is a projection, and Φ{D E ) is the central carrier of Φ(E) in S3.
Proof. Since 2) is an abelian von Neumann algebra its positive operators form a complete lattice under infs and sups. Thus D Eg.i.b.fA e ®: E ^ A ^ I}, and D E is well defined. Since E ^ D E and both operators commute we have 
Therefore o) x (T e a ) = 0 except for a countable number of αeJ. But then TV" = 0 and hence F a = 0 except for a countable number of α e /. Thus Φ(F) is countably decomposable in 23. Now i? is a countable sum of orthogonal cyclic projections, hence Φ(E) is a countable sum of orthogonal countably decomposable projections. Hence Φ(E) is countably decomposable. The proof is complete. DEFINITION 
We say a projection E in 3ΐ is ~G-abelian if E%ϊE= E®.
Clearly a -^-abelian projection is abelian.
LEMMA 6. There is a projection PeS) such that there exists ã Q-abelian projection E :g P with D E -P, and I -P has no nonzerõ G -abelian subprojection.
Proof. Partially order the ^^-abelian projections in 3ί by E < F if E ^ F and D F -E <> I -D E . Then in particular D E F = £7. Let {.#«} be a totally ordered set of ^^-abelian projections, and let E -sup E a , 376 E. ST0RMER so E a ->E strongly. Then
where A Λ eSXD 5α . Now it is well known that if Q a is an increasing net of projections, and Q a -* Q strongly, then C Qa -+C Q strongly. Thus
by Lemma 3, hence D Ea -* Z^ strongly. The same argument also shows Thus in order to prove Theorems 2 and 3 we may consider two cases separately, namely the case when 3ΐ has a -^-abelian projection £7 with D E = I, and the case when 9ΐ has no nonzero ~£ abelian projection. We first treat the case with a ^^-abelian projection. Proof. Since E is abelian C E ΐR is of type I. Since every ^auto-morphism of 9ΐ preserves the type I portion of 91, and D E = I, 3ΐ is of type /.
E is a sum of orthogonal cyclic projections E a . If we can show the lemma for each E a then it holds for E. Therefore we may assume E is cyclic, say E = [Wx] . Then ω x is faithful on E9ΪE, hence faithful on #(£. If A ^ 0 belongs to C E & and ω x (A) = 0, then 0 = α) β (J^A), so £Ά = 0. Hence A = AC* = 0. Thus ω, is faithful on C E &, so CE is a countably decomposable projection in K.
We shall now apply the previous theory to SI = (£ x G instead of S3 = 3ΐ x G. We use the same notation as before. By Lemma 7 C E is -^-finite. If C E = D E -I then by Lemma 7 (£ = ®, and it is trivial that there exists a faithful normal semi-finite G-invariant trace on K
+ . Assume C E Φ I. Then there is s e G such that U S *C E U S Φ C E .
Since by Lemma 7 C^ is -^-finite, and U*C E U 8 . Since r(.F) < oo there is a nonzero central projection Q in 3ΐ such that r is faithful and semi-finite on Q9ΐ [1, Ch. I, §6, Cor, 2] . Since τ is G-invariant Qe®. Now a Zorn's Lemma argument completes the proof just as in Lemma 9.
(A) = φ(Φ(A)). Then r is a normal G-invariant trace because τ(U?AU 8 ) = <p(U*Φ(A)ϋ.) = <p(Φ(A)) = τ(A). Since τ(C E
Proof of Theorem 2. By Lemma 6 there is a projection P e 35 such that there exists a ^^-abelian projection EePϋt with D E = P, and I -P has no nonzero ^-abelian subprojection. By Lemma 9 there is a faithful normal semi-finite G-invariant trace τ ι on P9ΐ
+ . If 3ΐ is ^-semi-finite then by Lemma 10 there is a faithful normal semi-finite G-invariant trace r 2 on (I -P)3ΐ
+ . Thus τ = τ t + r 2 is a faithful normal semi-finite G-invariant trace on 3ΐ + . Conversely assume there exists a faithful normal semi-finite Ginvariant trace r on 3ΐ + . Suppose j£ is a projection in 3ΐ such that τ(E) < oo. Since E~GF implies r(J£) = r(F) it is clear that j£ iŝ^-finite. Thus 3ΐ is -^-semi-finite. The proof is complete.
LEMMA 11. Suppose E is countably decomposable and 3ΐ is ~G-finite. Then there is a faithful normal finite G-invariant trace on m.
Proofo Since $ί is ^^-finite 3ϊ is in particular finite. By [1, Ch. Ill, §4, Thm, 3] there is a unique center valued trace ψ on 91 which is the identity on K. By uniqueness ψ is G-invariant, so if r is a faithful normal finite G-invariant trace on (£, then rof is one on 5ft. Therefore we may assume Sf t = &. Now there exists a projection Pe® such that P(£ = P®, and G is freely acting on (1 -P)K, i.e. for each projection E Φ 0 in (/ -P)K there is a nonzero subprojection F of E and seG such that U*FU S £ I ~ F, see e β g, [5] Since I is countably decomposable, so is P, and there is a faithful normal state on PS, hence a faithful normal finite G-invariant trace on P(£. We may thus assume G is freely acting. Let F be a nonzero projection in £ and s an element in G such that U*FU S ^ I -F. Let E = I -F. Then Z^ = I, and F < G E.
As in the proof of Lemma 10 Φ(E) is not properly infinite, so we can choose a central projection PΦ 0 in 33 such that PΦ(E) is finite. Since F < G E, Φ{F) < Φ(E), by Lemma 1, hence PΦ(F) < PΦ{E), so PΦ(F) is finite. Thus P = PΦ(jE r ) + PΦ(F) is finite in 93, and PS3 is finite. Since I is countably decomposable in (£(=3t) Φ(J) is countably decomposable in 33 by Lemma 5, hence so is P. Therefore by [1, Ch. I, §6, Prop. 9] there is a faithful normal finite trace ψ on P33. Then τ defined by τ(A) = φ{Φ{A)) is a normal finite G-invariant trace on (£ with support D Φ 0 in ®. A Zorn's Lemma argument now gives a family τ a of normal finite G-invariant traces on (£ with orthogonal supports D a in SX Since I is countably decomposable the family {τ a } is countable, and by multiplying each τ a by a convenient positive scalar we may assume X τ a (D a ) = 1. Thus if r = Σ r «> ^e n ^ is a faithful normal finite G-invariant trace on (X. The proof is complete.
Proof of Theorem 3. Suppose there is a faithful normal finite G-in variant trace τ on 3ΐ. Then I is ~G-finite, for if E is a projection in di which is G-equivalent to / then τ(E) = τ(I), hence τ(I-E) = 0, hence / -E = 0, since τ is faithful. Thus 9ΐ is -^-finite. Again since τ is faithful, its support I is countably decomposable, i e. 9ΐ is countably decomposable. The converse follows from Lemma 11.
COROLLARY.
If 3Ϊ is ~G-semi-finite then 33 is semi-finite. If 9ΐ is ~G-finite and there is an orthogonal family of countably decomposable projections in 2) with sum I, then 33 is finite.
Proof. If 9ΐ is .^^-semi-finite, then by Theorem 2 there is a faithful normal semi-finite G-invariant trace on 3ΐ. Thus there is a faithful normal semi-finite trace on 33 by [1, Ch. I, §9, Prop. 1] , hence S3 is semi-finite. If P is a projection in 3) then by Lemma 2 Φ(P) is a central projection in 33. Thus in order to show the last part of the corollary we may assume I is countably decomposable. Then by Theorem 3 there is a faithful normal finite G-invariant trace on 3ΐ, hence by [1, Ch. I, §9, Prop. 1] there is a normal finite trace on 33, so 33 is finite. The proof is complete. REMARK 5. G. K. Pedersen has pointed out that the corollary can be sharpened. Indeed one can show that if E is a projection in 3ΐ then E is ~G-finite if and only if Φ{E) is finite in 33. In particular 3ΐ is -^-finite if and only if 33 is finite. 4* 6?-fϊnite von Neumann algebras* Let notation be as in Theorem 1. Following [7] we say 3ΐ is G-finite if there is a familŷ~ of normal G-invariant states which separate 3ΐ + , i.e. if A € 3ΐ + , and Q)(A) = 0 for all ω e ^7 then A = 0. For semi-finite von Neumann algebras it would be natural to compare this concept with those of ^G-finite and ^^-semi-finite. Since a ^^-finite von Neumann algebra is necessarily finite we cannot expect a G-finite semi-finite von Neumann algebra to be ^G-finite. We say G acts ergodically on © if ®( = (£ Π 3^) is the scalars. Proof. Assume 9ΐ is G-finite. Suppose first that G acts ergodically on the center K of 91, and suppose ω is a faithful normal G-invariant state on 3ΐ, Then by [11] there is a faithful normal semifinite G-invariant trace on 3ΐ + , hence by Theorem 2 3ΐ is ^^-semi-finite. In general, by Zorn's Lemma there is a family {ω a } of normal Ginvariant states with orthogonal supports E a such that ^E a -I. Then each E a is G-invariant, and by the first part of the proof EJΆE a is ~£-semi-finite β In particular, E a is the sup of an increasing net of ~£-finite projections. Let F be a projection in 3ΐ, We show F has a nonzero ~£-finite subprojection. By the above considerations there are E a and a ~G-finite subprojection τ) affiliated with 3^ such that ω a (T) = τ(H a T) for Γe3ί, see e.g. [1, Ch. I, §6, no. 10] . Let E be a spectral projection of H a with τ(E) < oo β Then E is G-invariant. A Zorn's Lemma argument now gives an orthogonal family of G-invariant projections in 9ί with sum / and finite trace.
Conversely assume 3Ϊ has a faithful normal semi-finite G-invariant trace T and an orthogonal family {E a } of nonzero G-invariant projections with sum / such that τ(E a ) < oo. Let c a = τ(E a )~\ and let ω a (T) = c a τ(E a T). Then {ω a } is a separating family of normal Ginvariant states on 3ΐ, hence 3ϊ is G-finite. The proof is complete.
The above theorem is probably true without the assumptions of the action of G on (S. A direct proof of this would be quite interesting. 5* Abelian von Neumann algebras* Assume 3ΐ is an abelian von Neumann algebra acting on a Hubert space φ. Let G be a group and suppose t -+ U t is a unitary representation of G on £ such that 382 E. ST0RMER UftR U t =fR for all t e G. We say two projections E and F in 9ΐ are equivalent in the sense of Hopf and write E~HF if there are an orthogonal family of projections {E a } aeJ in 3ΐ and t a eG, for αeJ, such that E = Σ*Ea, F = ^U t * a E a Ut a .
Since each UζE a U ta is a projection, and their sum is a projection, they are all mutually orthogonal. Since we can collect the E a 's for which t a coincide the definition of equivalence in the sense of Hopf is equivalent to the existence of an orthogonal family of projections {E t } teG in 3ΐ such that E = Σ ίeG E t , F = Σ«eβ ϋi*-St #i This equivalence was introduced by Hopf [3] Just as for ^β we define ~H-finite, ^^-semi-finite, and < H . Note that if E ~HF as above, if we let T t = E t , then E = ΣiT t T t *, F = ΣιU t *T t *T t U t , so E~GF.
If we assume 9ΐ is countably decomposable, we shall now prove the converse via a proof which makes use of the known results on invariant measures if 3ΐ is ^jy-finite and ~ί r semi-finite. A direct proof would be more desirable. THEOREM Hopf. 
Assume 3ΐ is countably decomposable, and let notation be as above. Then two projections E and F inίH are G-equivalent if and only if they are equivalent in the sense of

